Abstract: This paper presents a new method to estimate the unknown values in incomplete interval-valued fuzzy preference relations (IVFPRs). The method is based on the min-consistency and is used to develop the algorithm for group decision making (GDM) dealing with incomplete IVFPRs.
Introduction and preliminaries
GDM is a situation faced when a number of experts work together to find the best alternative(s) from a set of feasible alternatives. Each expert may have exclusive inspirations or objectives and a different decision procedure, but has a common interest in approaching to select the "best" option(s). Preference relation is the most common representation format used in GDM because it is a valuable tool in modeling decision processes, when we have to combine experts' preferences into group preferences [6, 14, 15] . In a preference relation an expert assigns a numerical value to every pair of alternatives that reflects some degree of preference of the first alternative over the second alternative. Mainly two types of preference relations have been used to develop the decision models; multiplicative preference relations (MPRs) [2, 14] , and fuzzy preference relations (FPRs) [6, 16] .
The popular preference relations, which are being used to express an expert's preferences over alternatives, are FPRs. In a decision making procedure, an expert mostly needs to compare a finite set of alternatives x i (i = 1, 2, ..., n) and construct an FPR [6, 13, 16, 17] . However, an expert may have imprecise information for the preference degrees of one alternative over another and it may not always be possible to estimate his/her preference by means of an exact numerical value. In such a situation, an expert constructs an IVFPR.
In 2004, Z. S. Xu defined the notion of compatibility degree of two IVFPRs and showed the compatible connection among individual and collective IVFPRs [18] . In 2005, F. Herrera et al. established an aggregation process for combining IVFPRs with other forms of information as; numerical preference relation (NPR) and linguistic preference relation (LPR) [7] . In 2007, Y. Jiang proposed a technique to measure the similarity degree of two IVFPRs and used the error-propagation rule to find the priority vector of the accumulated IVFPRs [8] . In 2008, Z. S. Xu and Chen developed some linear programming models to derive the priority weights from several IVFPRs [20] . 790 S. Ashraf, A. Rehman, E.E. Kerre All the above researches focused on the IVFPRs with complete information. However, in DM problems such situations are unavoidable in which an expert does not have comprehensive information of the problem because of time constraint, lack of knowledge and the expert's limited expertise within the problem domain [1, 3, 5, 10, 19, 22, 24, 33] . Consequently, the expert may not be able to give his/her opinion about specific traits of the problem, and hence an incomplete preference relation would be constructed. In literature, researches based on incomplete FPRs have been given, but there are only few researches in GDM related to incomplete IVFPRs [23] .
In this paper, a new technique for GDM by using incomplete IVFPRs is developed. Obviously, the consistent information is more applicable or important than the information having ambiguities, consistency is linked with definite transitivity properties. Several properties have been endorsed to model transitivity of FPRs, one of these properties is the max-min transitivity. In this paper, a procedure, based on min-transitivity property is proposed to determine unknown interval-valued preferences of one alternative over others and further, it is extended to develop an algorithm for GDM to select the best alternative. Definition 1.1.
[4] An interval-valued fuzzy set A on a universe X is defined as:
Arithmetic operations can be performed on closed intervals . The following formulae can be [12] :
[4] Let X be a universe and A and B two interval-valued fuzzy sets. The inclusion of A into B is defined as: A ⊆ B if and only if A(a) ⊆ B(a) for all a ∈ X and the equality between A and B is defined as: A = B if and only if A(a) = B(a) for all a ∈ X . Definition 1.3.
[9] A triangular norm (t-norm) T is an increasing, associative, commutative and
The t-norm to be used in this paper is T (x, y) = min(x, y). 
Let T be a triangular norm. The mapping T e defined as:
, where ⊆ represents the crisp set inclusion. The extended interval t-norm corresponding to the minimum-operator can be computed by:
Group Decision Making with Incomplete Interval-valued Fuzzy Preference Relations Based on the Minimum Operator 791 Definition 1.5. [15] A fuzzy preference relation R over a finite set X of alternatives, X = {x 1 , x 2 , x 3 , ..., x n }, is a fuzzy set on the product set X×X, i.e., it is characterized by a membership function
According to Definition 1.5, a fuzzy preference relation R on X can be conveniently expressed by an n × n matrix R = (r ij ) n×n , where r ij denotes the degree of preference of alternative x i over the alternative x j with r ij ∈ [0, 1], r ii = 0.5, r ij + r ji = 1 (additive reciprocity) for 1 ≤ i ≤ n and 1 ≤ j ≤ n. If r ij = 0.5, then there is no difference between the alternatives x i and x j . If r ij > 0.5, then alternative x i is preferred over the alternative x j . If r ij = 1, then the alternative x i is definitely preferred over the alternative x j . Definition 1.6. [18] Let R = (r ij ) n×n be a fuzzy preference relation over the set of alternatives
for all i, j ∈ N , then R is called an interval-valued fuzzy preference relation. Definition 1.7. An IVFPR R is said to be min-consistent, if for all i, j and k belonging to {1, 2, 3, ..., n} it holds:
r ik ≥ T min (r ij , r jk ) (min -transitivity).
Definition 1.8. An IVFPR relation R = (r ij ) n×n is said to be incomplete if it contains at least one unknown preference value r ij for which the expert has no idea about the degree of preference of alternative x i over the alternative x j .
Method to repair an incomplete IVFPR
This section presents a new technique to estimate missing values in an incomplete IVFPR. Further, the algorithm is used to construct a min-consistent matrix. In order to determine unknown values in an incomplete IVFPR R = (r ij ) n×n , the pairs of alternatives for known and unknown preference values are represented by the following sets:
where the preference value of alternative x i over x j belongs to the family of closed subintervals
therefore, the min-transitivity of definition 1.7 can be written as:
Hence, the following sets can be defined to determine the unknown preference value r ik of alternative x i over alternative x k :
for i = {1, 2, 3, ..., n}, j = {1, 2, 3, ..., n} and k = {1, 2, 3, ..., n}. Based on (5), (6) and (7), we can determine the unknown preference value r ik for x i over x k as follows:
where
where |S 1 ik |, |S 2 ik | and |S 3 ik | are the cardinalities of the sets S 1 ik , S 2 ik and S 3 ik respectively.
To achieve min-consistency of the IVFPR R, following scaling conditions will be used:
and
(ii) If r − ij + r + ji < 1 and r
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Example 2.1. Let R = (r ij ) 4×4 be an incomplete IVFPR for the alternatives x 1 , x 2 , x 3 and x 4 , given as follows:
where r 12 , r 21 , r 24 and r 42 are unknown preference values. Now applying (2)- (13) to estimate the unknown preference values for the alternative x i over x k , 1 ≤ i ≤ 4 and 1 ≤ k ≤ 4, we obtain: 3 A new algorithm to choose the best alternative in GDM with incomplete IVFPRs.
In this section, a new algorithm is presented for GDM with incomplete IVFPRs by using min-consistency. An explanatory example is given to validate the anticipated technique. For ease, the structure of the determination process is also shown in Figure1. Suppose that there are n alternatives x 1 , x 2 , ..., x n and m experts E 1 , E 2 , ..., E m . Let R q be the IVFPR for the expert E q shown as follows:
.
. r .
where r Step 1: Determine the sets K q P and U q P of pairs of alternatives for known and unknown preference values respectively, shown as follows:
where 1 ≤ i ≤ n, 1 ≤ j ≤ n and 1 ≤ q ≤ m.
Step 2: If U = φ, then skip Step 2, otherwise construct the sets S for the alternative x i over x k by expert E q as follows:
where |S 
Step 3: To satisfy min-consistency of the complete interval-valued fuzzy preference relation R q = r 
Group 
A min-consistent matrix R
is obtained under these conditions.
Step 4: Determine the collective matrix R c against all experts, shown as follows:
where 1 ≤ i ≤ n, 1 ≤ j ≤ n.
Step 5: Calculate the average degree A i of alternative x i over all other alternatives by using interval normalizing method:
Step 6: [21] Calculate the possibility degree d ij = d(A i ≥ A j ) by using the formula:
and construct the complementry matrix 2, 3 , ..., n.
Step 7:
[33] Calculate the ranking value R V (x i ) of alternative x i by using formula:
where 1 ≤ i ≤ n and Step 1: For the fuzzy preference relation R 1 , the sets of pairs of alternatives for known and unknown preference values are determined as follows: (2, 2) , (2, 4) , (3, 1) , (3, 3) , (3, 4) , (4, 2) , (4, 3), (4, 4)}, U 
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Step 2: Hence, continuing as above the fuzzy preference relation R 1 against expert E 1 is obtained as follows:
Step 3: min-consistency preference relation R 1 based on R 1 is obtained as follows:
Likewise, min-consistency preference relations R 
Step 5: The average degree A i , i = 1, 2, 3, 4, of each alternative is derived by using interval normalizing method given as: Step 6: By using eq. Step 7: The ranking value R v (x i ) of alternative x i , 1 ≤ i ≤ 4, is obtained as follows: R v (x i ) = 1. Thus, the final ranking of the alternatives is derived as follows:
Therefore, x 2 is the best alternative.
The numerical examples show the way to apply the proposed technique to construct the complete IVFPR based on min-consistency. In general, the proposed approach is quite easy for use in estimating unknown preference values.
Conclusion
In this paper the extended minimum t-norm has been used successfully to determine the missing values in incomplete IVFPR and further extends to construct the min-consistent matrix. Numerical studies show that the proposed technique can handle all type of incomplete IVFPR. Consequently, another algorithm is established to deal with GDM problems with incomplete IVFPRs. This process involves two stages, the estimation of unknown interval-valued preference values and the choice of the best alternative(s).
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